Motivated by (Kyoung and Yong-Hoon in Sci. China Math. 53:967-984, 2010) and (Chen and Zhang in Sci. China Math. 54:959-972, 2011), this paper is concerned with a boundary value problem of singular second-order differential systems with quasi-Laplacian operators on the whole line. By constructing a completely continuous nonlinear operator and using a fixed point theorem, sufficient conditions guaranteeing the existence of at least one unbounded solution are established. The methods used are standard, however, their exposition in the framework of such a kind of problems is new and skillful. Three concrete examples are given to illustrate the main theorem.
Introduction
As is well known, various problems arising in heat conduction [, ] , chemical engineering [] , underground water flow [] , thermo-elasticity [] , and plasma physics [] can be reduced to the nonlocal problems with integral boundary conditions. Boundary value problems for second-order differential equations with integral boundary conditions constitute a very interesting and important class of problems. They include as special cases two-, three-, multi-point and nonlocal boundary value problems [-] as special cases. For such problems and comments on their importance, we refer the reader to [-] and [] , and the references therein.
The theory of boundary value problems on the whole line for differential equations or integral equations arises in different areas on applied mathematics and physics. Since an infinite interval is noncompact, the study of boundary value problems on the whole line is more complicated, especially for boundary value problems with integral boundary conditions on the whole line, not many work was done in the literature (see [-] and the references therein). Furthermore, most of the results above are in the scalar case.
Differential equations governed by nonlinear differential operators have been widely studied. In this setting the most investigated operator is the classical p-Laplacian, that is, p (x) = |x| p- x with p > , which, in recent years, has been generalized to other types of differential operators that preserve the monotonicity of the p-Laplacian but are not homogeneous. These more general operators, which are usually referred to as -Laplacians (or quasi-Laplacians or quasi-Laplacian operators), are involved in some models, e.g. in non-Newtonian fluid theory, diffusion of flows in porous media, nonlinear elasticity and theory of capillary surfaces. The related nonlinear differential equation has the form x = f t, x, x , t ∈ (-∞, +∞),
where : R → R is an increasing homeomorphism such that () = . More recently, equations involving other types of differential operators have been studied from a different point of view arising from other types of models, e.g. reaction diffusion equations with non-constant diffusivity and porous media equations. This leads to consider nonlinear differential operators of the type [a(t, x, x ) (x )] , where a is a positive continuous function. In [, ] , the authors studied the existence, nonexistence, and multiplicity of positive solutions of two-point boundary value problems on finite intervals for second-order ordinary differential p-Laplacian systems with parameters. To get the solutions, the upper and lower solution method, the fundamental properties of the fixed point index, and the fixed point index theorem were used.
The asymptotic theory of ordinary differential equations is an area in which there is great activity among a large number of investigators. In this theory, it is of great interest to investigate, in particular, the existence of solutions with prescribed asymptotic behavior, which are global in the sense that they are solutions on the whole line (half line). The existence of global solutions with prescribed asymptotic behavior is usually formulated as the existence of solutions of boundary value problems on the whole line (half line).
In [] , authors studied the solvability of the resonant second-order boundary value problems with the one-dimensional p-Laplacian at resonance on a half line c(t)φ p x (t) = f t, x(t), x (t) , <t < ∞, In recent paper [] , the author considered the existence of solutions of the following boundary value problem for a second-order singular differential equation on the whole line: 
ρ(t)a t, x(t), x (t) x (t) + f t, x(t), x (t) = , t ∈ R, lim t→-∞ ρ(t)a t, x(t), x (t) x (t) -
and strictly increasing on R, () =  and its inverse function denoted by - is contin-
In [], the authors investigated the existence and multiplicity of nonnegative solutions for the following integral boundary value problem on the whole line:
Here, the values of
, and sup s∈R ψ(s) are finite and
> . On the one hand, to the best of our knowledge, there have been no papers concerned with the existence of unbounded solutions of boundary value problems of singular secondorder differential systems with quasi-Laplacian operators [] on the whole lines.
On the other hand, in all above mentioned papers, the boundary conditions are posed at the two end points  and +∞ (or -∞ and +∞) and the solutions obtained are defined on [, +∞) (or R). An interesting question occurs: when one subjects the boundary conditions on one end point -∞ and a intermediate point , how could one get solutions defined on R of a boundary value problem of differential equations on the whole line?
Motivated by [, , ] and the reason mentioned above, we consider the following boundary value problem for the singular second-order differential system on the whole line with quasi-Laplacian operators:
subject to the integral boundary conditions
where (a) ρ, ∈ C  (R, (, ∞)) are continuous on R and satisfy
and both
are uniformly continuous for t ∈ R, where
ds|; (c) , are quasi-Laplacian operators (Definition . in Section ), the inverse operators of , are denoted by - and - , respectively, the supporting functions (Definition . in Section ) of and - are denoted by ω  and ν  , respectively, the supporting functions of and - by ω  and ν  ;
The purpose of this paper is to establish sufficient conditions for the existence of at least one unbounded solution of BVP (.)-(.).
This paper may be the first one to establish existence results for such a kind of problems. Compared to previous results, our work has the following new features.
Firstly, our study is on singular nonlinear differential systems (f , g, φ, ϕ, ρ, , χ , and ψ may be singular). The nonnegative functions ρ, satisfy the assumption (a), however, the assumptions
Secondly, this paper generalizes the boundary value problems on finite intervals discussed in [, ] to ones on the whole lines, the main tools used in this paper is the well-known Schauder fixed point theorem (not the upper and lower solution method, the fundamental properties of the fixed point index, and the fixed point index theorem used in [, ]).
Thirdly, a completely continuous operator is constructed, and a special Banach space has been developed to overcome the difficulties due to the singularity and to the application of the fixed point theorem.
Fourthly, we generalize the boundary value problems of differential equations on finite interval discussed in [, ] to one in whole lines. By comparing with [], the nonlinear differential operators [ (ρ(t)a(t, x(t), x (t))x (t))] and [ ( (t)b(t, y(t), y (t))y (t))] are more general. In [] , the authors studied the boundary value problem
Under adequate hypotheses and using the Bohnenblust-Karlin fixed point theorem for multivalued mappings, the existence of solutions was established. However, the Banach space
was used in [] . In our paper, the Banach space
and lim t→±∞ ρ(t)x (t) exist is used; see Claim . and Claim . in Section .
Finally, we discuss the boundary value problem with integral boundary conditions, that is, system (.) including three-point, multi-point and nonlocal boundary value problems as special cases and the quasi-Laplacian terms [ (ρ(t)a(t, x(t))x (t))] and [ ( (t)b(t, y(t))y (t))] are involved. In (.)-(.), the boundary conditions are posed at the points ξ , η, and -∞ and the solution obtained are defined on R.
By an unbounded solution of BVP (.)-(.) we mean a pair of functions (x, y) ∈ C  (R) such that
belong to L  (R), and x, y satisfy the prescribed asymptotic behavior, i.e., the following limits:
exist and all equations in (.)-(.) are satisfied. The remainder of this paper is organized as follows: the preliminary results are given in Section , the main results are presented in Section . Three examples to illustrate the main theorem are given in Section .
Preliminary results
In this section, we present some background definitions in Banach spaces and state an important fixed point theorem. The preliminary results are given too. and ν, respectively, are increasing and such that 
v) is continuous for a.e. t ∈ R; (iii) for each r > , there exists a nonnegative function φ r ∈ L  (R) such that |u|, |v| ≤ r
Let C  (R) be the set of all continuous functions on R. Define
and lim
Claim . X is a Banach space with the norm · defined.
Proof In fact, we see easily that X is a normed linear space. Let {x u } be a Cauchy sequence in X. Then it follows that
Thus there exist two functions x  and y  defined on R such that
for t ∈ R. This means that the functions z  : R → R are well defined.
Step . Prove that z  , w  ∈ C  (R).
For any t  ∈ R, we find that
From (.) and (.) we see that
Similarly we can prove that w  ∈ C  (R).
Step . Prove that the limits lim t→±∞
and
It follows that {lim t→±∞
} and {lim t→±∞ ρ(t)x u (t)} are Cauchy sequences. So both
exists. Similarly we can prove that lim t→±∞ ρ(t)w  (t) exists.
Step . Prove that w  (t) = z  (t) for all t ∈ R. For t ∈ R, there exists a constant c u ∈ R such that
Step . Prove that
We have by (.) and (.)
From the above discussion, we see that x  ∈ X with x u → x  as u → +∞. It follows that X is a Banach space.
Claim . Let M be a subset of X. Then M is relatively compact if and only if the following conditions are satisfied:
: x ∈ M} and {t → ρ(t)x (t) : x ∈ M} are uniformly bounded;
: x ∈ M} and {t → ρ(t)x (t) : x ∈ M} are equiconvergent as s → ±∞.
Proof ⇐ From Claim ., we know X is a Banach space. In order to prove that the subset M is relatively compact in X, we only need to show M is totally bounded in X, that is, for all > , M has a finite -net.
For any given > , by (i)-(iii), there exist constants A > , δ > , an integer N > , we have
,
, sup
Similarly to Claim ., we can prove that X [-N,N] is a Banach space with the norm
is a subset of X| [-N,N] . By Ascoli-Arzela theorem, we can know that M| [-N,N] is relatively compact in X| [-N,N] . Thus, there exist x  , x  , . . . , x k ∈ M such that, for any x ∈ M, we find that there exists some i = , , . . . , k such that
Therefore, for x ∈ M, we find that
We find that
Similarly we can prove that
Hence M is relatively compact in X. ⇒ Assume that M is relatively compact, then for any > , there exists a finite -net
It follows that { x : x ∈ M} is uniformly bounded. Then (i) holds.
Let [-N, N] be any subinterval in R. Then there exists δ >  such that
Now we prove that (iii) holds. It is easily seen that there exists N >  such that
exists. Similarly we can prove that lim t→+∞
, lim t→-∞ ρ(t)x (t), and lim t→+∞ ρ(t)x (t) exist. Hence (iii) holds. Consequently, the claim is proved.
For y ∈ Y , define the norm of y by
One can prove that Y is a Banach space with the norm y for y ∈ Y . Define E = X × Y with the norm
One can prove that E is a Banach space.
Define the linear operator T by (T(x, y))(t) = ((T  (x, y))(t), (T  (x, y))(t)) with
T  (x, y) (t) = +∞ -∞ φ s, y(s), y (s) ds + t ξ - ( (a - +∞ -∞ ϕ(w, y(w), y (w)) dw) - s -∞ f (w, y(w), y (w)) dw) ρ(s)a(s, x(s), x (s)) ds, (x, y) ∈ E, T  (x, y) (t) = +∞ -∞ χ s, x(s), x (s) ds + t η - ( (b - +∞ -∞ ψ(w, x(w), x (w)) dw) - s -∞ g(w, x(w), x (w)) dw) (s)b(s, y(s), y (s)) ds, (x, y) ∈ E.
Lemma . Suppose that (a)-(f) hold. Then T : E → E is well defined, (x, y) ∈ E is a solution of BVP (.)-(.) if and only if (x, y) ∈ E is a fixed point of T and is completely continuous.
Proof We divide the proof into three steps:
Step . Prove that T : E → E is well defined.
For (x, y) ∈ E, we know that there is constant r >  such that x ≤ r. By (d) and (e), we know that there is φ r ∈ L  (R) such that
Hence the following integrals are convergent:
So (T  (x, y)) ∈ C  (R) and we get by using L'Hôpital's rule
One sees that
.
Similarly we can prove that t → ρ(t)(T  (x, y)) (t) is continuous on R and
Step . It is easy to show that (x, y) ∈ E is a solution of BVP (.)-(.) if and only if (x, y) ∈ E is a fixed point of T. We omit the details.
Step . Prove that T is completely continuous. Firstly, we prove that T is continuous, i.e., both T  and T  are continuous. Let (x n , y n ) ∈ E (n = , , , . . .) and (x n , y n ) → (x  , y  ) as n → ∞. We have
We will prove that
It is easy to see that there exists r >  such that
By (b), (d), and (e), we know that there is φ r ∈ L  (R) such that (.) and (.) hold with
Now we get by using (.) and (.)
For each > , we will prove that there exists N >  such that
Hence for n > N  , we have
We can prove that there exists N  >  such that
In fact, by
By the Lebesgue dominant convergence theorem, we have
then there exists N  >  such that for n > N  we have
Since is uniformly continuous on [-M, M], then there exists δ  >  such that
Similarly we find that there exists N  >  such that
It follows that
Together with (.), we get
Together with (.), we have
Thus (.) and (.) imply that
Then (.) holds. Similarly we can prove that there exists N  >  such that
We know from (.) and (.) that
From the above discussion, we get
Secondly we prove that T maps bounded sets into relatively compact sets. Let ∈ E be a bounded set. We will prove that
: (x, y) ∈ }, {t → (T  (x,y))(t) +σ (t)
: (x, y) ∈ }, {t → ρ(t)(T  (x, y)) (t) : (x, y) ∈ }, and {t → (t)(T  (x, y)) (t) : (x, y) ∈ } are
: (x, y) ∈ }, {t → ρ(t)(T  (x, y)) (t) : (x, y) ∈ }, and {t → (t)(T  (x, y)) (t) : (x, y) ∈ } are equiconvergent at t = ±∞.
Since ∈ E is bounded, then there exists r >  such that (x, y) ≤ r for all (x, y) ∈ . By (d) and (e), we know that there φ r ∈ L  (R) and for all (x, y) ∈ such that (.) and (.)
hold. (i) Prove that T( ) is bounded in E.
It is easy to show for all (x, y) ∈ that
w, y(w), y (w))| dw) a(t, x(t), x (t))
Hence T  ( ) is bounded.
Similarly we can show that T  ( ) is bounded. Thus T( ) is bounded.
(ii) Prove that (s, x(s), x (s) ) ds
Furthermore, we have
From (b), there exists δ  >  such that
We see that
So {t → (T  (x,y))(t) +τ (t) : (x, y) ∈ } and {t → ρ(t)(T  (x, y)) (t) : (x, y) ∈ } are equicontinuous on [a, b].
Similarly we can show that {t → (T  (x,y))(t) +σ (t)
: (x, y) ∈ } and {t → (t)(T  (x, y)) (t) : (x, y) ∈ } are equicontinuous on [a, b] . Then T( ) is equicontinuous on [a, b] .
We have for t < ξ by using (.) and (.) (s, x(s), x (s) ) ds (s, x(s), x (s) ) ds
It is easy to see that there exists S  < ξ such that
On the other hand, there exists S  < ξ such that
There exists S  < ξ such that
: (x, y) ∈ } is equiconvergent at t = -∞. Furthermore, we have
Similarly we can show that there exists S < ξ such that
We see that {t → ρ(t)(T  (x, y)) (t) : (x, y) ∈ } is equiconvergent at t = -∞.
Now we show that {t → (T  (x,y))(t) +τ (t)
: (x, y) ∈ } and {t → ρ(t)(T  (x, y)) (t) : (x, y) ∈ } are equiconvergent at t = +∞. In fact, for t > ξ , we have
: (x, y) ∈ } and {t → ρ(t)(T  (x, y)) (t) : (x, y) ∈ } are equiconvergent as t → +∞.
Similarly we can prove that {t → (T  (x,y))(t) +σ (t)
: (x, y) ∈ } and {t → (t)(T  (x, y)) (t) : (x, y) ∈ } are equiconvergent as t → ±∞.
From the above discussion, we know from Claim . that T( ) is relatively compact. Then T is completely continuous. The proof is complete.
Main theorem
In this section, the main results on the existence of solutions of BVP (.
We need the following assumption:
Theorem . Suppose that (a)-(f) hold. Then BVP (.)-(.) has at least one solution if one of the following items holds:
 < ; (iii) μ  μ  >  with n  being a positive integer and
Proof Let T be defined as in Section . By Lemma ., T is completely continuous and (x, y) ∈ E is a solution of BVP (.)-(.) if and only if (x, y) ∈ E is a fixed point of T. We should define an open bounded subset of E centered at zero such that T(ω) ⊆ . Then the fixed points of T are obtained by using the Schauder fixed point theorem.
For (x, y) ∈ E, by definition of T  , we have
On the other hand, we have from (.) and (.) that
It is easy to see that
Hence
Similarly, we can show that
We will choose suitable positive constants r  , r  such that T( ) ⊆ . In fact, for (x, y) ∈ , we have from (.) and (.)
So one needs to seek r  , r  >  such that
To satisfy (.), we firstly prove that there r  , r  >  such that either
It is easy to see that we can choose r  >  sufficiently large such that
Then we choose r  >  such that
Hence there exist r  , r  >  such that (.) holds. Let  = {(x, y) ∈ E : x < r  , y < r  }. So T  ⊂  . Thus the Schauder fixed point theorem [] implies that the operator T has at least one fixed point in  . So BVP (.)-(.) has at least one solution.
(
Hence there exist r  , r  >  such that (.) holds.
 < , we choose a positive integer n such that B μ   B  < . It is easy to see that we can choose r  >  sufficiently large such that
Then we choose r  >  such that
, and it is easy to see that
So there exists r  >  such that
, and it is easily seen that
So there exists r  >  such that
Three examples
To show the application of Theorem ., we give three examples.
Example . Consider the following boundary value problem of a second-order differential system:
Then BVP (.) has at least one solution if one of the following items holds:
(ii) μ  μ  =  for sufficiently small |A  |, |A  |, |A  |, and |A  |; (iii) μ  μ  >  with n  being a positive integer and Proof Corresponding to BVP (.)-(.), we choose ξ = η =  and 
implies that BVP (.) has at least one solution. The proof is completed.
